Usually the Stokes equations that govern a flow in a smooth thin domain (with thickness of order ε) are related to the Reynolds equation for the pressure p smooth . In this paper, we show that for a rough thin domain (with rugosities of order ε 2 ) the flow is governed by a modified Reynolds equation for a pressure p rough . Moreover we find the relation p rough = K p smooth where K is an explicit coefficient depending only on the form of the rugosities and on the viscosity of the fluid. In some sense, we see that the flow may be accelerated using adequate rugosity profiles on the bottom. The limit system is mathematically justified through a variant of the notion of two-scale convergence: The originality and difficulty being the anisotropy in the height profile.
Introduction
We study in this paper the effect of very small domain irregularities on a thin film flow governed by the Stokes equations. In some papers, the height of flow, denoted h and depending on the horizontal component x, is fixed and the effect of small scales of the boundary is studied, see [1, 10] . Other papers, see [5, 8, 9] , are related to lubrication from a mechanical point of view, that is when the height of flow, denoted h ε , is assumed to be small. Various limit models, in special regimes, are obtained depending on the ratio between the size of the rugosities and the mean height of the domain. In [3, 4, 8, 9] , the ratio is assumed to be of order one, namely
and an asymptotic analysis is performed using an homogeneization process. More recently, in [5] , the authors study the case where the narrow gap is smaller than the roughness, namely h ε (x) = ε h(x, x ε α ) with α ≤ 1.
Here we consider the particular case which does not enter in the previous framework
and we mathematically justisfy (through a variant of the notion of two-scale convergence) that an extra term modifies the standard Reynolds equation. More precisely the roughness is defined by a periodical function with period of order ε 2 (ε > 0), so that the three-dimensional domain occupied by the fluid is (see Fig. 1 ):
Ω ε = (x, z) ∈ R 2 × R ; x ∈ ω and 0 < z < h ε (
where ω is a domain of R 2 and the height h ε is on the following form h ε (x) = ε h 1 (x) + ε 2 h 2 x ε 2 . More general rugosity profiles will be considered in a forthcoming paper, see [6] . In the following, the applications h 1 and h 2 are assumed to be regular and satisfy h 1 ≥ δ > 0 and h 2 periodic with 0 as average. For the sake of simplicity, we assumed the flow to be governed by the stationary Stokes system −η∆u ε + ∇p ε = 0 on Ω ε , div(u ε ) = 0 on Ω ε .
The vector field u ε = (u ε , w ε ) ∈ R 2 × R describes the fluid velocity whereas the pressure is given by the scalar function p ε . The positive real number η > 0 corresponds to the viscosity of the fluid. Finally, we complete the Stokes system with the following boundary conditions: adherence condition at the top, namely w ε | z=h ε (x) = 0 and u ε | z=h ε (x) = 0, imposed velocity at the bottom (physically, the plane z = 0 is moving horizontally with a constant velocity
and along the lateral boundary (that is for x ∈ ∂ω), two kinds of boundary conditions will be considered. The choice of the conditions highly depends on the devices to be considered. In most of the physical problems, two types of boundary conditions are simultaneously used: Neumann-type conditions and Dirichlet-type conditions. Thus, in the general case, let
where ∂ω p and ∂ω q define a partition of the boundary ∂ω. Since the velocity field u ε is a free-divergence vector field, let us notice that a compatibility condition on the total flux is needed if ∂ω p = ∅ : ∂ω u ℓ · n = 0.
The paper is organized as follows. In the first section, we give definition, properties of a convenient two-scale convergence and give the main result that justify the asymptotic model. The second section is dedicated to formal analysis. At first, an equivalent formulation is given after rescaling the real domain and defining different scales. Then, for reader's convenience, the case without rugosity is recalled where we recover the simplified Stokes equations in thin domain and the well-known Reynolds equation. Namely, we find the equations
In the rugosity case, we show that the roughness may be responsible of some acceleration of the flow which is the main contribution of the paper. Namely, we find that the flow is governed by the equations
where M and K ≥ 1 are coefficients depending on the viscosity of the fluid η and on the rugosities. In Section 3 we illustrate numerically the effect of rugosities depending on the lateral boundary condition we consider. These figures show the acceleration of the flow due to effects of the considered rugosities. Finally in the last section, we derive rigorously the limit system, through a variant of the usual two-scale convergence. Namely we prove Theorem 1 given page 4. The main difficulty being the anisotropy in the height profile. We need to define "anisotropic" two-scale limit, see for instance Lemma 5.4 . or the part in order to study the divergence equation.
1 Definition, properties of a convenient two-scale convergence and main result
Homogenization: definition and basic properties
The proof of the homogenization process will be carried out by using a variant of the two-scale convergence introduced by G. Nguetseng in [11] and developed by G. Allaire in [2] . Let us give the basic definition and properties of this concept. We set Ω = ω × (0, 1)
, and we denote v
for any test function Ψ(x, Z, X), X-periodic in the third variable, satisfying
Note that Z is only a parameter for this definition.
(Ω) one can extract a subsequence which two-scale converges to
An immediate consequence of the above definition is the following.
, and (ε 2 ∇ x v ε ) two-scale converges to 0. Thus ∇ X v 0 = 0.
Application to rugosities in thin film: statement of the main result
Recall that the problem studied in this paper relates to Stokes equation (1) in this domain Ω ε . The boundary of Ω ε is defined by its rugous border
We define h
To apply the homogenization process presented in the previous part, we assume that the functions h ε 2 and ∇ X h ε 2 (X) are strongly two-scale converging to h 2 (X) and ∇ X h 2 , that is
Such a function is also called an "admissible test function" for the two-scale convergence. The latter relations are fulfilled if, for instance,
. The existence issues are not addressed in this paper since it corresponds to standart linear PDEs of Stokes type. We state now the main result.
be a sequence of weak solutions of (1). The rescaled quantity (u ε ,
Remark 1 Thanks to the boudary conditions on u 0 and w 1 , we can deduce (see part 2.3.2, page 9 for details) that the limit model is equivalent to the following Reynolds modified equation on the pressure p 0 :
where K only depends on M (its explicit expression is given part 2.3.2).
Formal derivation 2.1 New variables
In view of taking into account the oscillations of the domain, we introduce a new variable, namely X = x/ε 2 . Then we write the height
In the sequel, to use an ε-independent domain, let us introduce the change of variable Z = z/h(x, X). According to these changes of variable, we seek the unknows (velocity and pressure) as u ε (x, z) = u(x, X, Z) and
where we use the notation
In the same way, the second derivative of f ε can be expressed with respect to the second derivative of f , introducing
. Then, the two first velocity components in (1) read
The process is similar for the third velocity component in (1) . We have
Finally, the free-divergence condition (corresponding to the last equation in the system (1)) in new variables reads
In the system described by Equations (2), (3) and (4), the domain does not depend on ε: it writes
whereas the supplementary boundary conditions due to the introduction of the variable X are lim X →∞ u(x, X, Z) = 0 and lim
Without rugosity case
Consider the case where the oscillations are not taking into account. In this case the unkowns do not depend on the fast variable X. The height h of the domain satisfies h(x) = εh 1 (x), ∇h(x) = ε∇ x h 1 (x) and ∆h(x) = ε∆ x h 1 (x).
Equations related to a thin domain
The equation (2) can be rewritten as
In the same way, Equation (3) on the third component of the velocity reads
Finally, the free-divergence condition (4) reads in the new variables
Formally, when ε goes to zero, assuming that the pressure is of order 1/ε 2 (see [3] ), one constructs an expansion of the unknows u, w and p in the following form
The main order terms in Equations (6) and (7) are
The standard Reynolds equations
System (9), coupled with the boundary conditions u 0 | Z=0 = u b and u 0 | Z=1 = 0, allows us to express u 0 with respect to p 0 :
Next, we use Equation (8) on a conservative form, namely
Using the boundary condition for u and w, we deduce that
With Expression (10), we obtain the classical Reynolds equation:
Concerning the lateral boundary conditions for the velocity (Neumann-type conditions and Dirichlet-type conditions, see the introduction part), they become conditions (through Equation (10)) on the pressure (Dirichlettype conditions and Neumann-type conditions respectively) ∂p 0 ∂n ∂ω q = q ℓ and p 0 | ∂ω p = 0, the flux q ℓ being given with respect to the Z-average of u b . Note that the compatibility condition on the total flux in the case ∂ω p = ∅ reads ∂ω q ℓ = 0.
Rugosity case

Effect of rugosities on the flow at main order
As in the previous case (without rugosity), we consider a characteristic pressure of order 1/ε 2 and velocity of order 1:
This choice comes naturally from the estimates derived for (u ε , w ε , p ε ), see lemma 4.1 and lemma 4.2 below). We use the following approach. We replace formally (u, w, p) by its asymptotic expansion in Equations (2), (3) and (4) . We determine the profiles (u i , w i , p i ) by identifying all terms of the same order with respect to ε. We show that (9) is modified by the roughness profile which adds an extra term in the horizontal part of the momentum equation.
• Fast variable independency for main velocity and pressure u 0 , w 0 and p 0 We obtained the main terms of Equations (2), (3) and (4) (that is respectively of order 1/ε 2 in (2), 1/ε 2 in (3) and 1/ε in (4)).
2 ) which gives
We then obtain a Stokes system with respect to the variable X for (u 0 , p 0 ) and a Laplace equation in X for the unknow w 0 . We immediatly find (see the boundary conditions with respect to X, equation (5)) that ∇ X u 0 = 0, ∇ X p 0 = 0 and ∇ X w 0 = 0.
• Relation between main order and first order horizontal velocity components u 0 and u 1 Writing the next expansion order for the three equations (2), (3) and (4) (order 1/ε for (2), order 1/ε for (3) and order 1 for (4)), we get
We compute the mean value in X of the last equation. Since h 1 , u 0 and w 0 do not depend on X, we find ∂ Z w 0 = 0. Using the boundary conditions for the horizontal velocity at the top and the bottom of the domain, we deduce w 0 = 0.
Then the free-divergence condition written at order ε gives
Taking the mean value in X of the second equation of (12), we conclude that
Taking the curl X operator of the horizontal component in the previous system (12), we get
that is, since h 1 and u 0 do not depend on X,
We have
Id, thus using the div X u 1 and curl X u 1 expressions (13) and (14), we obtain
Hence, the first equation of the system (12) can be written as
• Dynamics for the main order of the horizontal component u 0 . Start to write the terms of the order ε in Equation (4):
We compute the mean value in X of each term of this equation. Because the function h 1 depends only on x and all the unknows are periodic in X, we have
Using (13), we have
Integrating by parts the term ∇ X h 2 · Z∂ Z u 1 , we get
Using again Equation (13), we find
As before, only the coefficients h 2 and ∇ X h 2 depend on X, and h 2 is X-periodic. We conclude that
The other terms in equation (15) do not depend on X. We find
Now we look at Equation (3) at order 1. Since w 0 = 0, it gives:
Taking the mean value in X, since w 1 does not depend on X, except the last term, all the terms are equal to zero. We find
Now, writing equation (2) at order 1 we get
Taking the mean value in X of each term of this equation. The first average is zero since h 1 does not depend on X. For the second one, denoted by J, we use again the decomposition
and then integrate by part :
and using Relations (13) and (14), we obtain
where the quantity M is defined by
All the other terms can be expressed with the value of J. For the third term an integration by parts gives
Using again integrations by parts, the next terms easily write as the preceeding one. Adding all contributions, we finally deduce −η∂
• Conclusion of the formal development. We have stated that the principal terms of expansion, that is u 0 , w 1 and p 0 , do not depend on X and satisfy
Note that such an extra term (here the term ηM Z∂ Z u 0 ) can be found in other homogeneization process such as porous media, see for instance [7] . In the case introduced here, additional term comes expressly from rugosities. Its "presence" will be rigorously proved in the last section.
Modified Reynolds equation
System (16) corresponds to a "modified Reynolds" system. More precisely, since p 0 does not depend on Z, we can explicitely obtain the velocity u 0 with respect to the pressure p 0 . Let U = ∂ Z u 0 . The first equation of (16) is
We integrate this differential equation in the variable Z (for each fixed x) and find
Integrating again with respect to Z, we get
Using the boundary condition u 0 (x, 1) = 0, we deduce the value of the constant C 1 (x):
Finally, we obtain the velocity as a function of the pressure
Next, integrating with respect to Z the last equation in (16), that is the free-divergence condition
and taking into account that the velocity w 1 − Z∇ x h 1 · u 0 cancels for Z = 0 and for Z = 1 we obtain
With the previous expression (17) for the velocity the following pressure equation is obtained
where A and B are two constants defined by
e Ms 2 /2 ds .
Since A and B do not depend on x, this equation can be rewritten as
where K is a coefficient depending on the fluid viscosity fluid η and rugosity (more exactly on the coefficient M ):
Concerning the boundary conditions, they are the same than in the case without rugosity, namely ∂p 0 ∂n ∂ω q = q ℓ and p 0 | ∂ω p = 0.
Numerical simulations
Let us remark that System (16) is energetically consistent for M small enough. We do the calculation assuming homogeneous Dirichlet condition on the bottom and the top but adding an exterior force f on the right-hand side of the horizontal component of the momentum equation. Multiplying the horizontal component by u 0 /h 1 and integrating over the domain, we find using that div(
Therefore, using Poincaré's Inequality over the vertical component
we find an energetically consistent model assuming 1 − M/2 > 0, namely M < 2. To understand a little bit more the effect of the fast variable dependency of h ε , we expand the expressions of A, B assuming M to be small enough, and we find
This allows us to define K = B/(6A) for which we obtain the following expansion
For the sake of completeness we also draw K with respect to M (see Fig 2) . Now we provide various co- 
The pressure corresponding to the rough domain (of characteristic coefficient K) with a prescribed velocity on the bottom u b , is linked to the pressure corresponding to the non oscillating domain with a prescribed velocity on the bottom Ku b . In other words, the oscillations modifiy at main order the flow. Indeed if we are interested in the case where we impose homogeneous boundary conditions on the lateral sides (for instance p 0 | ∂ω p = 0 and ∂p/∂n| ∂ω q = 0) then the solution of
satifies p rough = Kp smooth where p smooth is the solution of the Reynolds equation with rugosities:
Figures 4 and 5 are numerical results corresponding to such homogeneous conditions in the one-dimensional case. In the first figure (see fig.4 ), homogeneous conditions on the pressure, that is p| x=0 = p| x=L = 0 are used. Moreover, two kinds of height surface are used, the first one corresponding to a smooth surface: h(x) = εh 1 (x) with h 1 (x) = 2(x/L) 2 − 2(x/L) + 1 and the second taking into account rugosities: h(x) = εh 1 (x) + ε 2 h 2 (x/ε 2 ) with h 2 (X) = sin(X). In the second figure (see fig.5 ), the left imposed lateral condition is a homogeneous flux condition p ′ | x=0 = 0 whereas the right lateral condition is a homogeneous pressure condition p| x=L = 0. An example with non homogeneous boundary conditions is given on figure 6 . This numerical test corresponds to an imposed flux p ′ | x=0 = 2 with an imposed pressure p| x=L = 0. Proof: These estimates are directly derived from the original problem (1) after an adequate lifting of the non-homogenenous boundary conditions. We write the standard energy estimate for Stokes type system and then use the change of variables to control the derivatives ∇ x u ε and ∂ Z u ε . Next we use the Poincaré inequality to control u ε .
We now state the following estimates for the pressure.
Lemma 4.2
The pressure is such that 5 Proof of Theorem 1
Convergence results
In view of the previous estimates, we claim the following results. There exist limit functions p 0 ∈ L 2 (Ω; L Moreover, using Lemma 1.1, we assert that Lemma 5.1 The two-scale limit for the velocity is such that ∇ X u 0 = 0 and ∇ X w 0 = 0.
Before passing to the limit in the equations, we state some auxiliary results. We begin by the pressure function.
Lemma 5.2 The two-scale limit pressure is such that ∇ X p 0 = 0 and ∂ Z p 0 = 0.
Proof:
Step 1 -We first prove that ∇ X p 0 = 0. We multiply Eq. (19) by an admissible test function in the form ε 4 φ(x, Z, x/ε 2 ) = ε 4 φ ε , where φ ∈ D(Ω; C 1 per (T d−1 )), and we integrate by parts. We get
Passing to the limit ε → 0, we obtain
Thus ∇ X p 0 = 0 and the two-scale limit and the weak L 2 limit of (ε 2 p ε ) coincide. We set
Relation (29) is thus the weak formulation corresponding to
those the conservative form exaclty corresponds to the last equation of (16) obtained in a formal way.
Momentum equation
Once again, we begin by some auxiliary results. In view of the estimates derived for u ε , we can define the following "anisotropic" two-scale limit. 
